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■^ ' Abstract 

o' 

Motivated also by recent revival of interest about nietastable string 
states (as cosmic strings or in accelerator physics), we study the decay, 
Q^l in presence of dimensional compactification, of a particular superstring 

^ ■ state, which was proven to be remarkably long-lived in the flat uncom- 

pactified scenario. We compute the decay rate by an exact numerical 
evaluation of the imaginary part of the one-loop propagator. For large 
/\ • radii of compactification, the result tends to the fully uncompactified 

^ . one (lifetime T = const gJ^M^), as expected, the string mainly decay- 

ing by massless radiation. For small radii, the features of the decay 
(emitted states, initial mass dependence,....) change, depending on 
how the string wraps on the compact dimensions. 
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1 Introduction and Summary 

It is important to explore the genuine stringy features of SuperString theory, 
in particular the properties of its massiye excited states, both for a better 
understanding of an essential ingredient of the theory and also in yiew of 
possible phenomenological implications in cosmology, see for instance the 
recent renewed interest in cosmic strings !2] , or eyen in accelerator physics. 

Those kind of inyestigations haye a long story, eyen though rather diluted 
in years ([l!l!ni!ni|7lEl!nilIDllIIllIllIllIl US])- One of the releyant 
questions is whether there could be large "macroscopic" metastable string 
states. In a preyious paper ([IS]) it was found an affirmatiye answer to that 
question: by studying the decay properties of some Type II string states 
it was found that for a particular configuration the lifetime was increasing 
like the fifth power of the mass. This result came from a detailed numerical 
inyestigation of the exact quantum expression of the decay rate and it was 
obtained within the basic layout of the theory, that is for the case of 9 + 1 
dimensions, when all of the 9 space dimensions were uncompactified. The 
whole decay pattern had a simple interpretation which also suggests how 
compactification would affect its main features. 

The scope of the present paper is to present a detailed study of the decay 
properties of the preyiously found long-liyed Typell Superstring state in the 



case when some of the space dimensions are compactified. The results are in 
overall agreement with the expected pattern. 

The required computations are standard, but the numerical evaluation is 
quite tough. For that reason we limit our study to the case in which two of 
the 9 dimensions are (toroidally) compactified. However the results are suffi- 
ciently clear to show in general the main implications of the compactification 
on the decay properties of our long lived state and thus also clearly indicate 
what would be the result for a complete compactification. 

In order to introduce and describe the present work, it is necessary to 
recall the main points of ^3]. It was introduced there a family of Typell 
superstring states, which had a classical interpretation: the string of this 
family lies in general in 4 space dimensions (that is necessary for satisfying 
the Virasoro constraints) and, depending on a parameter, it describes two 
ellipsis in two orthogonal planes. In one limiting case it reduces to a folded 
string, rotating in just one plane (classically like the state of maximal angular 
momentum, although quantum mechanically not precisely so); in the oppo- 
site limiting case it describes two rotating circles, with opposite chiralities, 
in two orthogonal planes. The length of the string, and therefore its mass, 
can be arbitrarily large. 

The vertex operator corresponding to the exact superstring state was 
derived and used to construct the loop amplitude giving the quantum cor- 
rection to its mass. The imaginary part of this mass shift gives the decay 
rate: it is expressed as a modular invariant integral of some combination of 
theta functions, whose imaginary part is numerically evaluated using stan- 
dard techniques. 

The results show very clearly that while the folded string rather easily 
decays by classical breaking, and actually the numerical results reproduce 
with astonishing accuracy the classical pattern, the circular rotating string 
does not break, rather it slowly decays by soft emission of massless particles 
(gravitons, etc). In the present paper we will study this last case, corre- 
sponding to the following classical string configuration: 

X^ + iX^ = Le''("+") X^ + iX^ = Le*("-") (1) 

To be precise, the breaking of the rotating circular string into two mas- 
sive fragments was found to be not absolutely forbidden, but severely ex- 
ponentially suppressed, and thus completely negligible, for large sizes of the 
parent state. This agrees with the picture that the string interactions are 



described by the overlap of the initial and final configurations. By the classi- 
cal world-sheet equations of motion this requires continuity of the string and 
its derivative in the world-sheet time (see examples in f^). It is seen that 
no possible breaking of the string eq.(l) can meet the classical requirements, 
neither into closed nor into open fragments, neither with free (Neumann) nor 
with fixed end-points (Dirichlet) b.cs. ^ The breaking can occur via quantum 
fluctuations, but it is suppressed if they are required to be large. 

A closed string could also be absorbed by a D-brane leaving it in an ex- 
cited state, see jTHj; the matrix element of the quantum state corresponding 
to the string eq.(l) with a D-brane, however, is either zero or it is for large L 
in general exponentially suppressed, except for some particular arrangements 
of angles of the string planes with respect to the tangent and orthogonal di- 
rections of the brane. Also, its coupling to a homogeneously decaying brane, 
see ^7j, is further suppressed by an exponential in the energy. In presence of 
branes there could be also other decay modes, discussed in [T], which would 
be allowed for some particular arrangements of branes and fluxes. We do 
not know if those processes can be described by classical equations and it 
would be interesting to see an actual computation of those decay rates for 
various string states. Here we assume a background conflguration in which 
those coupling to the branes or those modes do not occur or are suppressed. 

The total rate of the dominant decay channel of the circular rotating 
string, that is the soft emission of massless modes, was found to be pro- 
portional to M~^ where M is the mass of the decaying state. This is in 
agreement with a sample computation using the operatorial formalism which 
gives a rate proportional to M"*^"*"^ where d is the number of large space 
dimensions, d = 9 in ^3]. The same estimate can be obtained by a semi- 
classical reasoning: the rate of massless production is u;'^~^/M^ (a phasespace 
factor, uj being the massless particle energy) times the modulus square of the 
strength of the source, for instance the energy-momentum tensor for gravi- 
ton emission, which gives a factor |L^P ~ M^ , the length of the state being 
proportional to its mass L = a M. Since u = -^, and m is found to be 
bounded, it results the above estimate. 

Thus we expect a decay rate proportional to M^'^'^f^^'^ = M^^ (here 
d = deff = 7) for two compactifled dimensions, when the size of the compact 
dimensions is small with respect to the string size and the string lies the 



^In brief, open string coordinates with cither of the b.cs. wiU be of the form X{t, a) 
/(r + cr) ± /(r — (t) which does not matches with eq.(l). 



uncompactified space. If instead the dimensions' size is large as compared to 
the string size we expect to recover the fully uncompactified result. 

If however the string lies in part or in toto in the compact dimensions and 
it winds around them, we expect a completely different result , because in this 
case the breaking is possible. To be precise, we expect the breaking to easily 
occur when the string winds around one dimension with one chirality and 
around the other dimension with the opposite chirality, in order to respect 
the Virasoro constraints. 

The results are relevant in particular for a possible physical scenario in 
which 4 of the 6 compactified dimensions are of the order of yci but 2 of 
them are much larger ^H]- The rotating circular string could for instance lie 
in the space spanned by two uncompact and two large compact dimensions, 
and it could be as large as the size of the latter ones or even more, depending 
on how it winds and how easily it can break into winding modes. This string 
would slowly decay by soft massless radiation, with a total lifetime of the 
order of M^ (a factor M from the inverse rate times another factor L ~ M, 
from the time necessary to substantially lowering the string size) . A detailed 
study of this picture and its possible implications will be discussed elsewhere. 

This paper is organized as follows. In Section El we outline the main points 
of the computation, leaving the full explicit description to the Appendix |X| 
We have here considered, as said above, two compact and seven noncom- 
pact dimensions, and we have made the computation for three cases: 1) the 
subspace in which the string lies is totally uncompact, 2) the subspace in 
which the string lies has one compact dimension, 3) the subspace in which 
the string lies has two compact dimensions. In Section El we present the nu- 
merical results and we discuss them. In Section |3] we draw the conclusions. 
In Appendix^ we report a relevant selection of data. 

2 The imaginary part of the mass-shift. 

We will consider a space-time configuration having 7+1 extended and 2 com- 
pactified coordinates. 

From now on we will choose 

a' = 4 (2) 



and define the complex coordinates 

Xi + 1X2 X^ + 2X4 

and analogous for the fermionic partners. 

We are going here to show the expressions for the imaginary part of the 
one-loop mass shift for the quantum state (we follow the notation of ^3]) 

|$)= AT 10^)10^) (4) 

with 

|</,^) = (^^)t(6t)iV|0,p), (5) 

2 

and J\f a normalization constant. 6| is the level one right creation operator 

in the expansion of Zi and ip^_^i is the level one half creation operator for 

2 
the fermionic coordinate ip^'^. We have written only the right-moving part: 

the left-moving is obtained by substituting b[ with c| (the level one creation 

operator in the expansion of Z2) and ip'^_^i with ip^_^i. 

2 2 

The normalization constant in front of the state can be easily computed 

by requiring ($|$) = 1, giving: 

We are going to compute the imaginary part of the world-sheet torus 
amplitude 

AM^ = f— f dh{V{z)V{0)) (7) 

where V{z) is the vertex operator for the state (jlj) (derived in [H 



1 A^2 . _. _ 

V = ^^^V^..9V^..(5^i)^-V.2^V^.2(^^2)^^^e^^^ (8) 

whose mass (in units a' = 4) is M^ = N. 

We must now distinguish the cases where the string lies on the compact- 
ified coordinates from the one where the string propagates only in the fiat 
extended directions. 



2.1 String lying on extended dimensions only. 

Let us suppose that two space-time coordinates, different from X^, X"^, X^, X^, 
are compactified on two circles of radii Ri,R2. The computation of formula 
(|7j) is straightforward, since the propagator for the string is the same as in 
the uncompactified scenario; for the details look at appendix ()A.1|) . 
The amplitude is: 



^2^ . ...,.2 n ...,_N 47V 



^ML = c'9! r-^ldhe-^^-. 



Oiiz\r) 



^2' 



e'Mr 



mi,m2 
2 



with qq{N;mi,m2) = ^^!^,!(/_lL^~)j|iv-i-m2)! ^^^ ^' ^ numerical constant. 
It is convenient to expand: 



''n'' {^^^^Y {2r2^'^ogi9^iz\r)r = Y.^iN,m,;p,q) ^-^^^ ^-i'^-,).. 



(10) 
and similarly for the antiholomorphic part with coefficient 7(A^, 1^2; p, q) (that 
we obtain through computer calculation). 

We have to compute the imaginary part of the integral: 

_ , C?V 2i7rri(p-p+E?=l«'«"0-2'^^2(p+P+E?=l(^ + ^ 

-" = ' 2+2Af-mi-m.2^ ' 

''2 

X / ^2 2iTrx{q-p-q+p)-2TTy{q-p+q-p-2N)-4NTT^ /^^n 



Integration over Ti e x leads to: 



P-P =-T.^=lW^n^ 

q — q = p — p 

Comparing this expression with the Schwinger parametrization of the one- 
loop two point amplitude ($$) of a field theory with coupling $ -^ 'i>i'p2i 

8 



where $ has mass M and 0i, 02 have masses Mi, M2 (see ^Sl E]), we find 
that 



A/f 2 _ q+q I V^2 / nA I ( WiRi \'^ — r, _L \^2 ( n^ _i_ uhrA 

The imaginary part of the amphtude is therefore obtained by a standard 
formula (see [Hllini), and we get (c" is a numerical constant): 

"2 A 



p,q,mi,m2,wi,n\,W2,n2 



X 7(A^, mi,p, q)'j{N, m2, p + ^ WiUi, g + ^ WiUi) 

i=l 



2"! 2N-mi-m2+l/2 
WjRj " 



V{2N -mi-m2 + 3/2) 



X qq{N;mi,m2) 

where ^ = 1 - 2(f + f ) + (f - j^f. 

The amplitude is normalized such that in the limit Ri, R2 -^ +c)o the 
result reproduces the one in the fiat extended ten dimensions scenario (|15j). 

2.2 String lying on one compactified dimension (right- 
moving modes). 

Suppose now that the coordinate X^ is compactified on a circle of radius 
Ri (only right-moving modes can wind) and another coordinate, different 
from X^, X^, X^, on a circle of radius i?2- In this case the propagator of the 
string is modified. By the derivation presented in appendix ()A.2|) . we find 
an imaginary part for the amplitude ((Tj): 



Jm(AM2 



c 9l_ 4 



N-l N-l N~l N-l-mi 



EEE E E ^- 

r=0 mi=0m2=0 s=r p,q,wi,ni,W2,n2 



{2N-mi-m2) 



(15) 



X qq{N]mi,m2,s) ■ C{s,r) 



2 i?i 



2r 



A^^-4EL(t + 



2 ( «!_ _|_ -WjRi 



2N~mi~m2-r+l/2 



where 

qq{N;mi,m2,s) 



T{2N - mi - ma - r + 3/2) 
iV2((Ar_ 1)1)2 



(s!)2(iV - 1 - mi - s)!(iV - 1 - m2)!mi!m2! 



^i-r) ^ 5:ei^pim_(-l)-^ ^ 



«=r 



(16) 
(17) 



(4 are defined in (jHH|l in appendix IA.2J) . Also here, comparison with the 
relevant field theory amplitude gives us equation (|T!^ . 



2.3 String lying on two compactified dimension ( left- 
and right-moving modes). 

Suppose now that the coordinates X^,X^ are compactified on two circles of 
radii Ri,R2- The computation shown in appendix ()A.3|) leads to the following 
imaginary part for amplitude ((Zj): 



Im{AM^ 



" 2 AI-2N N-l N-l N-l N-l N-l-mi N-l-m2 

^^EEEE E E E ^""■*™' 



A^ nRiR2 



ri=0 r2=Q mi=Q 1712=0 si=ri S2=r2 P,<?,wi,2!"'i,2 
2 , v^2 



X 7(A^,mi,p,g) ■ 7(A^,m2,p + Ei=iW^i'^i> 9 + Ei=i^i'^0 
X qq{N; mi, mg, Si, S2) ■ Ci(si, ri) ■ 6*2(52, r2) 

2ri 



2 i?i y f 2 i?2 



2r2 



X 



A^^-4ELi(t + 



4 



2A''— mi— 7712— '"1—^2+1/2 



r(2A^ - mi - m2 - ri - r2 + 3/2) 
10 



and this time 






/^=r. 



I — ' 1 



Again, through comparison, we get equation (jT^. 

3 Data analysis. 

In this section we report the analysis of the data relative to the quantum 
decay of the string (conventions: c = 32(2-7r)^ (see (Hj), a' = 4). We have 
obtained these data through an exact computation performed using a pro- 
gram written in FortranQO. The only approximation is due to the precision 
of number representation used by the compiler. 

We have calculated the imaginary part of the amplitude ((Zj) and from it 
the decay rate (M is the mass of the state): 

7^ = — ^ (21) 

and the lifetime: 

^=ir- (22) 

The natural dimension-full scales of the decay are the radii of the com- 
pactified dimensions and the length of the string, that is the mass of the 
quantum state. We can expect that if the radii of compactification are (much) 
larger then the length of the string, the fact that those dimension are com- 
pact makes no difference for the quantum process of decay (the string cannot 
"see" the compactification), instead things should change if the string length 
is larger than the radii. Especially, if the string can wrap on those directions, 
we expect a more rapid and intense decay (through winding modes), since 
even classically different points of the string can get in contact. 

Therefore we can formulate a mass- dependence for the lifetime, starting 
from the result obtained in ten fiat dimensions in (^Hl) for our same state. 
The result found there was 

r = cg:''M\ (23) 

11 



where c is a proportionality constant. 

Now call R the radii of compactification (not necessarily all identical: 
we will just for this moment set Ri = R, where i runs on the compactified 
dimensions). The expectation we have about the lifetime is 

r = cg-'^M^-'^^R'^% (24) 

where dc are the compactified dimensions with 

R<^M. (25) 

This should be the right functional dependence when decays through winding 
(and Kaluza-Klein at small radii of compactification) are suppressed. 

The dependence on R of the lifetime in this case is suggested by formulas 
(jl4lfT^ITH|) . that show a common factor i?~'^'=, with dc the number of com- 
pactified dimensions (in the formulas dc = 2, since here there are only two 
compactified dimensions). 

As far as the dependence on M, the computation in [T3] of the decay of 
the string in a graviton plus a massive state shows that the phase space factor 
should be dimensionally reduced by the compactification at small radii, see 
the discussion in the introduction, resulting in formula (j^lj) 

We have made two different analysis of our data. 

To study the radii dependence of the lifetime we have fitted the data 
assuming a dependence (at M fixed) 

r = cR'^ (26) 

and divided them in two sets, according whether R -^ M (small radii) or 
R^ M (large radii). 

To study the mass dependence, we have fitted the data assuming a mass 
power law (at R fixed) 

r = cM^*/^ (27) 

and again diving them in two sets: one having R <ti M, the other with 

R:^ M. 

We also remark that for high masses the data collection requires long 
time-machine and processors' power, therefore in some cases we have limited 
our computations to certain range of masses only. 
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3.1 General results for the decay rates. 

We have analyzed the decay of the string in three particular configuration in 
the background U^'^ x T^: 

- 0: string lying on extended dimensions only; 

- I: string lying on three extended and one compact dimensions; 

- II: string lying on two extended and two compact dimensions, with 
opposite chirality. 

The general results for the decay are summarized in what follows. We 
recall formula p3|) to understand the role of winding and Kaluza-Klein modes 
in contributing to the mass of the final decay products. 

Configuration : the favoured decay channel is through one massless 
and one massive decay product. More in detail: for small radii of compactifi- 
cation winding and Kaluza-Klein modes contribution is negligible. For large 
radii, windings again do not contribute and Kaluza-Klein modes play the 
role of components of the momenta and we recover the result holding for 
uncompactified dimensions. For any radii, non-zero oscillatory excitations in 
both final states represent an absolutely negligible fraction of the total. 

Configuration I : for small radii of compactification winding modes gives 
a small contribution (sizable only at low total energy). The decay is en- 
tirely given by the channels where the final states are massless +massive and 
Kaluza-Klein+massive. For very small radii the first one utterly predomi- 
nates. For large radii, the situation is the same as for configuration 0. 

Configuration II : for small radii of compactification the decay through 
winding modes is the dominant one. Again, for larger radii, we see the same 
behaviour for configuration 0. 

In the following sections we will study in more details the string decays. 
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3.2 String lying on extended dimensions only, two com- 
pactified dimensions. 

Throughout all this section, we will consider the case in which the string lies 
in a background W^'^ x S^ x S^ but on extended dimensions only. We have 
calculated data for various values of Ri, R2, the two radii of compactification, 
but for shortness, we will discuss the results for the cases Ri = R2 = R. 

For the string in this configuration we expect that there are no significant 
contributions from final states with winding modes. Indeed, as it is seen in 
table (jTj), case dw = 0, channels with no final windings utterly predominates 
the total decay rate. Furthermore, the prevailing decay appears to be the 
emission of a massless plus a massive final states: as we said, the production 
of Kaluza-Klein modes at small radii is suppressed, while at large radii they 
play the role of components of the momenta in the large dimensions. The 
contribution of decays in massive states with oscillator number different from 
zero in both the final decay products is only a negligible fraction of the total, 
of order 10~^ for the lowest mass and radii of compactification, down to 10"^^ 
for the largest mass and radii. 

In the uncompactified case {i.e. R -^ 00) the spectrum of the emitted 
massless particles shows a scale invariance: when plotted in m (with energy= 
Lj = -^rjj) and normalized to the same peak value, the spectra are almost 
identical varying M, and coinciding for higher masses. We have verified that 
the same scaling happens also for small radii {R << M). In figure ^ we show 
the spectrum for i? = 2 and M = a/TQ = 8.89. The dominant emission is 
a massless state with a very low energy {i.e. m limited for M large) plus 
another state of nearly the same mass of the initial one {Mf = M^ — A^- 
3.2.1 R dependence. 

We have performed the analysis considering values for the masses of: 

M2 = 19,39,59,79. (28) 

These values have been chosen in accordance with the previous work |15j . 

For each of them we have data for a range of values for the radii R starting 
from the string length R = yo^ = 2, up to values sufficiently higher than 
the threshold M. 

We fit the dependence of the lifetime on the radii of compactification as 
in ()26|) . The result shows agreement with the expected power law (J21I), as 
can be seen in table ((H). 
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Figure 1: Emission spectrum for i? = 2 of the string lying on extended dimensions only. 
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Figure 2: Case 0: R and M dependence for the lifetime. The lines are fits to the data. 
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Masses 


a 




^19 = 4.36 


1.92231 


(2 < i? < 3.2) 


V39 = 6.24 


1.83862 


(2 < i? < 5) 


v/59 = 7.68 


1.9104 


(2 < /2 < 6) 


V79 = 8.89 


1.95665 


(2 < /2 < 6) 



Table 1: R dependence for the different masses: T 
discussion in the text for the uncertainty on a. 



R^. See the 



The values found for a for radii R < M approximate the expected 

a = dr = 2 



(29) 



within the 10% and the agreement is better for the highest mass. Notably 
fl24|) is already correct with a good approximation for radii up to values close 
to the threshold. 

Since the dependence on R for small radii of compactification just repro- 
duces the factor R~^ which is in front of the amplitude (fT^ . this is another 
confirmation that the contribution to the decay rate of the Kaluza-Klein 
modes different from zero is suppressed as well as the one of windings. 

For radii sufficiently larger than M, the dependence on R disappears as 
expected, with values of a in the range 



-0.007 <a< 0.030. 



(30) 



Also for large radii, the main contribution to the decay rate is by the chan- 
nels with no winding modes and no oscillator modes in both the final states. 
Therefore, since Kaluza-Klein modes for large radii play the role of compo- 
nents of momenta, we conclude that again the favoured decay is through the 
emission of a massless and a massive mode. 



3.2.2 M dependence. 

Since the string lies on extended dimensions only, the contribution to the 
decay from channels in which there are winding modes is expected to be 
suppressed. Therefore there are strong motivations for the mass dependence 
fl24|) also for small radii. 

Indeed the expectation is satisfied up to a reasonably good approximation, 
as can be seen from table (P)). 



16 



Range 


of masses 


4.36 <M < 8.89 


Radii 


P 


Expected value 


2 


1.42505 


1.5 


3 


1.44265 


1.5 


4 


1.53377 


1.5* 


5 


1.5895 


* 


10 


2.2036 


* 


16 


2.27814 


2.5 


24 


2.28217 


2.5 



Table 2: M dependence for different radii: T ~ M'^*^ . (*) indicates 
cases for which there is no clear expectation of the value of (3 since 
R r^ M for some of the masses considered. 

The differences with the expected values can be accounted for in many 
ways: from the approximation due to the precision of the number repre- 
sentation in the computer program used, but especially from the considered 
values of the masses and radii, that are probably not enough to explore the 
asymptotic limit. 

3.3 String lying on one compact and three extended 
dimensions. 

We consider here the configuration in which the string lies on one of the com- 
pact dimensions in the space-time background BS^'^ x S*^ x S*^. The masses 
taken in account are M^ = 19, 39, 59, for various values of the compactifica- 
tion radii. 

Semi-classical considerations suggest that also in this case the decay rates 
through winding modes should be suppressed, due to the fact that the Vira- 
soro constraint are less easily satisfied because of the left-right asymmetry of 
the configuration. Indeed, we have verified that the decays in winding modes 
give just a very small contribution, sizable only at low masses and radii. We 
see also that the favoured decay is through the emission of one Kaluza-Klein 
or massless and one massive states (see table (j?!), case dw = 1) and that 
this last case (massless plus massive final states) prevails for very small radii 
{R << M). Furthermore, the contribution of decays in massive states with 
oscillator number different from zero in both the final states is only a neg- 
ligible fraction of the total, of order 10~^ for the lowest mass and radii of 
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compactification, down to 10 ^^ for the largest mass and radii considered. 
We show in figure 13.31 the R and M dependence of the hfetime. 
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Figure 3: Case I: R and M dependence for the lifetime. The lines are fits to the data. 



3.3.1 R dependence. 

For radii R < M the dependence fj24|) is verified with increasingly good 
approximation at higher masses (around 26.5% of error for small masses, 
19.5% for higher ones, see table El), suggesting that also the Kaluza-Klein 
contribution to the decay is quite suppressed. 



Masses 


a 


v^ = 4.36 


1.47213 (2 < i? < 4) 


v^ = 6.24 


1.55633 (2 < i? < 5) 


v^ = 7.68 


1.60627 (2 < i? < 6) 



Table 3: R dependence for the different masses: T ~ R"^. See the 
discussion in the text for the uncertainty on a. 

For radii R > M and masses M^ = 19, 39 the fit (PUJ) gives values of a 
in the range 

0.03 <a< 0.05, (31) 

that is the lifetime is R independent (while for mass M^ = 59 the value found 
is a = 0.33887, that can be explained noticing that the values of the radii 
considered are not so larger than the threshold). 



3.3.2 M dependence. 

The broad qualitative picture for the mass dependence of the hfetime is 
similar to the expected (f^ but the transition between (3 = 1.5, (expected 
for small radii) and (3 = 2.5 (expected for large radii) is less sharp than in 
the case of the string lying on extended dimensions for the data R < M (see 
table (jlD). 



Range 


of masses: 


4.36 <M < 7.68 


Radii 


(3 


Expected value 


2 


1.56233 


1.5 


3 


1.64233 


1.5 


4 


1.774497 


* 


5 


1.90883 


* 


10 


2.212286 


2.5 



Table 4: M dependence for different radii: T ~ M^*^. (*) indicates 
cases for which there is no clear expectation of the value of (3 since 
R r^ M for some of the masses considered. 

This is due to the increasing contribution for higher radii by the channels 
of decay into Kaluza-Klein modes (plus a massive final state). 

The trend towards the asymptotic pattern is clear, even though our anal- 
ysis could only consider limited values of masses and radii. 



3.4 String lying on two extended and two compact di- 
mensions. 

In this section we will consider a string lying on both the compact dimensions 
of the space-time background fR^'^ x 5^ x 5^, with say X^ on one S^ and X^ 
on the other S^ and X"^'^ on MJ . Here we expect a substantial contribution 
of the winding modes to the decay, since the string can wind with both 
chiralities. 

This has been the most difficult case to be studied: the number of com- 
puter processes needed to calculate the imaginary part of the amplitude 
(formula (J18p ) is very high. Furthermore increasing the values of the masses 
implies working with very large numbers. Consequently our analysis has 
been limited to values for the masses of: 



M^ = 19,29,39,59 



(32) 
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and to a restricted range of radii (in the case of M^ = 59 only a few data 
could be obtained). 

As we said, in this case the decay through winding modes is possible, and 
for small radii (compared to the string length) we expect it is the favorite 
decay. Table (jH)) proves this claim for all the mass tested: for R < M the 
decay channels without windings give a small fraction of the total rate, for 
R > M, on the contrary, their contribution dominates. 
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Figure 4: Case II: R and M dependence for the lifetime. The lines are fits to the data. 



3.4.1 R dependence. 



The power law ()24|) is not correct for radii R < M: the decay rate is much 
more rapid for very small radii due to a dominant contribution from chan- 
nels of decay in winding modes, but this contribution decreases rapidly to a 
negligible fraction of the total rate of decay when increasing the radii. 

We have reported in figure 13.4b the lifetime at fixed M for various R. 

For radii R > M, instead, as expected, the lifetime is fiat with respect to 
the radii. 



3.4.2 M dependence. 

Due to the dominant contributions of the decays through winding modes, 
the expected power law ()24|) is not correct for R < M. The lifetime is almost 
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flat or slightly increases for higher masses, and it does not exhibit a power 
law dependence on mass, as can be seen in figure IT^ . 

For R > M, instead, the mass dependence of the lifetime tends to agree- 
ment with (j211), although we could test it only for radii just above the thresh- 
old and for squared masses M^ = 19, 29, 39: 

Range of masses: 4.36 < M < 6.24 



Radii 



P 



2.11488 
2.16404 



Expected value 



2.5 
2.5 



Table 5: M dependence for different radii: T ~ M'^*^ . 



3.5 Comparison of the various cases with each other. 

In this section we will discuss the results found for the decay rates comparing 
the likelihood for the string to decay in the different cases 0, I, II, defined in 
section 13.11 In all the above cases two out of the nine space dimensions are 
compactified on circles with the same radius Ri = R2 = R- 

We would expect that if the string lies on the compactified dimensions 
and therefore has the possibility to wrap on them (if the radii of the compact 
dimensions are smaller than the string length), the decay should be enhanced, 
unless the Virasoro constraints make it difficult. For larger radii, instead, 
there shouldn't be any appreciable difference in the decay rates, since for all 
the string configuration they should tend to the flat space value. 

We have computed the ratio between the values for the decay rates in the 
various cases at corresponding masses and radii, see table (jB)). 

The results show that for radii R > M the decay rates tend to the same 
value (the flat space-time one). Let us analyze the behaviour for small radii 
R<M. 

The rate for case II is the largest one, with respect to both conflgurations 
I and 0. Furthermore the ratio increases for higher masses at flxed radii. 
This is expected, since the decay rates for the string in conflguration I or 
decreases with a power law as 7^ ~ M~^'^ , whereas the one for the string 
lying on two compact dimensions decreases in a less marked way (see flgure 
fl3.4|) and tables (JHIIHI); the rate is the inverse of the lifetime). 

On the contrary the ratio between the decay rate for cases I and shows, 
that in the flrst case (I), the string decays less. This can be accounted by 
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the fact that the string constraints X + X' = 0, X ■ X' = are less easily 
satisfied in the more asymmetric configuration of the string lying on one 
compact dimension only. 

4 Summary of the results and conclusions. 

We have studied the decay of a particular closed string state of type II string 
theory that in a previous work (^3) ^^^ shown to be long-lived in ten uncom- 
pactified flat dimensions. It classically corresponds to the string configuration 
of equation (jT)). 

We have considered a space-time W^'^ x T^ and chosen three string con- 
figuration: 

- 0: string lying on extended dimensions only; 

- I: string lying on three extended and one compact dimension; 

- II: string lying on two extended and two compact dimensions, with 
opposite chirality. 

Throughout all the paper we have considered Ri = R2 = R, but we have 
also data (not shown) for Ri ^ R2. 

In case 0, the string decay is entirely given by the emission of a massless 
plus a massive final state. The difference between this and the ten flat 
uncompactifled dimensions case lies only in the reduced phase-space factor 
when the radii of compactiflcation are small. 

The string in conflguration I decays in one massless and one massive state 
for R « M. For R ~ M, the other dominant decay channel is through one 
Kaluza-Klein plus one massive flnal state. This channel becomes the most 
important for R > M, where the total decay rate flattens as expected and the 
Kaluza-Klein modes play the role of momentum components. The winding 
modes do not seem to play a signiflcant role at any radius. 

Finally, in case II the string shows the most rapid and intense decay 
for small radii. The winding modes channels dominate. For R < M the 
lifetime slightly increases by increasing the parent mass (at flxed radii) and 
by increasing the radii R < M [at flxed mass). For R > M we recover the 
uncompactifled dimensions result. 

In all the cases the threshold separating the behaviour at large radii 
(lifetimes T ~ QsM^ and no dependence on R, as in the uncompactifled 
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Mass M = 4.36 


Radii 


II/O 


I/O 


//// 


2 


4.23898 


0.732018 


5.79082 


3 


4.04003 


0.811177 


4.98046 


4 


1.05918 


0.914973 


1.15761 


5 


0.974573 


0.972415 


1.00222 


6 


1.01443 


1.00094 


1.01348 


7 


0.999821 


1.00312 


0.996712 


8 


1.02703 


1.01037 


1.01649 



Mass M = 6.24 


Radii 


II/O 


I/O 


//// 


2 


8.91015 


0.641493 


13.8897 


3 


9.42839 


0.685099 


13.7621 


4 


13.0199 


0.777693 


16.7417 


5 


2.47845 


0.869407 


2.85074 


6 


0.911707 


0.943306 


0.966502 


7 


0.975422 


0.975233 


1.00019 


8 


1.01423 


0.994766 


1.01956 



Mass M = 7.68 


Radii 


II/O 


I/O 


//// 


2 

4 


13.7567 
21.2468 


0.624082 
0.709832 


22.0431 
18.5974 



Table 6: Decay rates comparison for some fixed mass and radii. 

II means string lying on two compact dimensions with opposite chiral- 

ities. 

I means string lying on one compact dimension. 

means string lying on extended dimensions only. 
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scenario) from the behaviour at small radii (T increasing more slowly) is 
found to be i? ~ M. 

The above results confirm the general expectations on the effect of com- 
pactification on the decay properties of the string state we have considered. 
Although we have examined in detail the case in which two of the nine space 
dimensions of the theory are compact, the decay pattern can be clearly ex- 
trapolated to the case of compactification of additional dimensions. 

Our conclusion is that the string configuration we have studied is generally 
long lived. The lifetime increases with the mass, at least when its size is 
smaller than the radius of the dimensions it lies on, and even for larger sizes, 
if it lies in part on the uncompact space and it does not wind with opposite 
chiralities on the compact dimensions. The dominant decay channel is the 
soft emission of massless states. 
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A Appendix A: Computation of Im(AM^) 

In these appendices we explain in details the computations needed to obtain 
the imaginary part of amplitude (|7j) shown in section Q. 

We have always taken two space-time coordinates as compactified on a 
torus, while all the others were not. It means that we identify points of the 
two compactified dimensions under the action of the group of translation 
generated by the element 

V = 2ttR (33) 

so that the bosonic coordinates transform as 

X'' = X'' + mv, meZ, (34) 

the fermionic 

t/j" = t/jf" (35) 
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and the resulting space-time is: 



U^ X T . 



This imphes that the fermionic propagator is unchanged and still obeys 
the Riemann identity, the bosonic one, instead, is different depending on if 
the string lies or not on the compactified coordinates. 

This propagator can be computed trough path integral formalism. 

A.l String lying on extended dimensions only. 

The propagator for the string coordinates in this case is the same as in the 
uncompactified scenario: 



{dZ,{z)dZ,{0)) = 6,, 2 idHoge,{z\T) - 
{dZi{z)dZj{0)) = 5,j 2 (dHogei{z\r) 



n 

T-2 



TT 



r2 



TT 



{dZi{z)dZ,{0)) = {dZi{z)dZ,{0)) = -6,,2 - 

T2 



l^-ipX{z) ^ipX{0) 



) = e ^2 



e^izW) 



e'M 



r 



47V 



(36) 



(here y = lm{z)). 

What changes is the integral over the zero modes (here not only momenta, 
but also winding modes) giving us a final measure of integration for r 



rfV 



1=1 \ V li.Wi 



e ''^2 



\li-miT\^ 



(37) 



where k, rrii are winding modes. 
The correlator in ((7j) is: 



{Vk,k{z)Vk,km 



(38) 



iV2 



.//g-*P^(^)g«P^(0)\ 



47v-i((Ar-i)!)2 

X ^,-, {z)d'4j,, {z)ip,, {z)d^,, {z)i;,, (o)av'., m., {0)di>., (0)) 
X {{dZ^{z))''-\dZ,{0))''-\dZ2{z)f-\dZ,{0)f-') 
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giving, from (j36p and 

((aZi)^^^(t}Zi)^"i) = {N- 1)\5,, 2 (dHog9,{z\T) + ^] , (39) 



the result: 



{VkA^)Vk,km = (Ar)2(e-P^We^^^(°)) 



9^1ogei(^|r) 

T2 



2(Af-l) 



(40) 



as in [THj . 

We expand then the holomorfic and antiholomorfic factors in binomials, 
obtaining: 

{ti,t(2)t4,t(0)) = (iV)2{e-'!"fWe"'-^<»>)(;^)2l"-i) (41) 

mi,m2 

We perform a Poisson re-summation on the sum over li in ()37|) so that 
we obtain the final amplitude Q- 

A. 2 String lying on one compactified dimensions. 

In this case, coordinate X^ is compactified (together with another coordinate, 
where the string does not lies). 

According to (jS)) for the correlator (VV) we need in particular the part 

{dX\z,)dX\z2)) = (42) 

y /", , VX^e-^^''"'^^dX\zi)dX\z2) 

"T-'l X^{z+t)=X'^{z)+2ttRI 

To compute this path- integral we can split the coordinate X^{z) in a classical 
part, obeying the boundary conditions, and a periodical quantum part 

X\z) = X'M) + Xl,{z) (43) 

where 

X}.(z) = —(l-mf)z-—(l-mr)z (44) 
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In terms of the complex coordinates (|45|) . we write 

'dZ,{z) =dZl{z) + ^^ 
dZ,{z) =dZl{z) + f^ 

where 



a = [l — rriT) 

IT2 



(45) 



(46) 



and dZ^{z) is the oscillator part of the string coordinate expansion. 
The correlator is again given by (|^. but now equations (jl^ lead to: 



fl,S2=0 



JV - 1 W JV - 
ai j [ s 



' ){dZ^{zf-'-''dZ^{Of -'-'') 



X 






Vv^; \V2 



so that the result is: 

{v{z)vm = 



(48) 



4^-i((Ar 



N~l 



1)!)2 Z^ 



AT-l W JV-1 



si,S2=0 



X (az,"(.)--i--9z,"(o)-"^-^) ( ^y^ (^ 



S2 



X (5^0(^)^-19^0(0)^-^)6-'^'^ ,, , 

The non- vanishing part of the amplitude is the one with si = S2 = s. Using, 
then, formulas ()36p for the correlator of the oscillator part of the string 
coordinate and ()37|) for the measure of integration, we arrive to the result: 



AM^ 



c'g! 



IT 



(fr 



X 



r2 



To 



2N~2 



N-lN~l-s N-l 



ttH'^j: EE E 



N^{{N-iy.)^ 

(s!)^mi!m2!(Af-l-s-mi)!(7V-l-m2) 



(49) 



'i,2j«'i,2 ^=0 mi=0 m2=0 

""^Hk-w.frYf^d'loge.izlr] 



_4ArZEa_ 

X e ^2 



^i(^|r 



4r2 

4Ar 



TT 



'"I /r2.2 



-R 



d'\ogei{z\f] 



W\r) 



]_e-:^Ri\h-^^^\'-^Rl\h-w2T\^ 



7ir2 
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Now consider: 



li s 



(50) 



where the subscript R refers to the fact the this concerns the right moving 

part of the string only. 

Call 

ttRI 



4:T0 



We can write: 



^R = EEW^i-^i^)')'^"'^"^""'"'^ 



(51) 
(52) 



^1 s 



EE(-*re 



s — a|/i— «)irp — ba(/i— loir)^ 



L s 



6=0 



Now perform a Poisson re-summation on li. 



h s 



(53) 



b=0 



ni s 

We have got to compute 



f ni+ °™^^^ j +2inTiniWi+2nwiT2ni 



^=E(-*)Vm;^- 



1 



1(1+6) 



[ni- 



Calling therefore y = ^^ it can be shown that 



6=0 



(54) 



(55) 



s 1=1 



where the coefficients c[ are defined recursively as 



(J -J 



cU(/ + s-l) + 4-„\ 



4 = 0, s < / 

c] = s! s ^ 
c° = 0, s ^ 



„u _ 1 
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so that 



iiTTa / ,^ ^i^n / /|^^„ / „,,,I?2\2^^ 



p-j:j:cij:( [)^^^^^e-'w[-^'^) {j^U ■ ^^^^ 



(56) 
Inserting this result in (jlHl), performing a Poisson re-summation also on I2 
and expanding again the relevant terms as in (fTUI) , we get an imaginary part 
for the mass shift as shown in equation psp. 

A. 3 String lying on two compactified dimensions. 

In this case we have compactified both coordinates X^ and X^. For the 
Right-moving part of the string, the contribute to the amplitude is the same 
as the Right moving part discussed in the previous section. For what concerns 
instead the Left-moving sector, the computation is analogous, substituting 

to (jinD- 

With the same steps as in the previous computation, eventually we obtain: 



». . ,=„ - ^r(3/2-; + r) 



4'rT2 /^„_^ ^iRW n.- . o . / /I ^^ / „,,_r?2\2N 



—^ I n2 X^ ) +2^-7rriU?2^2-2-7rT2ii'2^2 / 4:71X2 ( W2R2 



TT2 / ■''^2 -^2 

X e iiTl--^; ■-—-—(_—(,,_ rifp) 1(59) 



The imaginary part of the amplitude is, then, shown in equation |T^ . 

B Appendix B: Tables 

We report here a selection of the data. 
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M 


R1 = R2 = R 


dw = 


dw = 1 


v^ = 4.36 


2 


1.2172(1.2167) 


0.89104(0.81904) 


v^ = 4.36 


4 


0.35470 (0.35465) 


0.32454 (0.32345) 


v^ = 4.36 


8 


0.25114(0.25109) 


0.25374 (0.25369) 


v^ = 4.36 


16 


0.24990(0.24985) 


0.24963(0.24959) 


^39 = 6.24 


2 


0.44313(0.44313) 


0.28427(0.28057) 


^39 = 6.24 


4 


0.11406(0.11406) 


0.088708 (0.088681) 


V39 = 6.24 


8 


0.053780 (0.053779) 


0.05350 (0.053498) 


v^ = 6, 24 


16 


0.050159(0.050159) 


0.050175(0.050175) 


v^ = 7.68 


2 


0.24404 (0.24404) 


0.15230(0.15177) 


v/59 = 7.68 


4 


0.061474 (0.061474) 


0.043636 (0.043635) 


V59 = 7.68 


8 


0.022650 (0.022650) 


0.0218738(0.2187) 


v^ = 7.68 


16 


0.01919(0.019187) 


(0.2496) 



Table 7: Decay Rates for two compact dimensions {dw=number of compact di- 
mensions where the string hes): 

- numbers not enclosed in brackets represent the total decay rate, 

- numbers in round brackets (...) represent the contribution of channels where 
one of the two decay products is a pure Kaluza-Klein mode. Actually, for small 
radii the decay in non-zero Kaluza-Klein modes represents only less than 0.5% of 
the total decay for large masses in the case dc = 2, dw = and between the 0.6% 
and 13% for the case dc = 2, dw = 1. 



M 


Rl = R2 = R 


dw = 2 


VT9 = 4.36 


2 


5.1598(0.66702} 


v^ = 4.36 


4 


0.37569(0.30917} 


v^ = 4.36 


8 


0.25793(0.25793} 


v^ = 6.24 


2 


3.9484(0.22226} 


V39 = 6.24 


4 


1.4851(0.077970} 


v^ = 6.24 


8 


0.054544 (0.054544} 


V59 = 7.68 


2 


3.3572(0.11935} 


^59 = 7.68 


4 


1.3061 



Table 8: Decay Rates for two compact dimensions (here dw=imniher of compact- 
ified dimensions where the string lies=2): 

- numbers not enclosed in brackets represent the total decay rate, 

- numbers in curly brackets (. . . } represent the contribution of channels with zero 
winding modes. 
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M 


R1 = R2 = R 


dw = 


dw = 1 


dw = 2 


\/l9 = 4.36 


2 


0.82153 


1.1223 


0.19380 


v^ = 4.36 


4 


2.8193 


3.0813 


2.6617 


v^ = 4.36 


8 


3.9819 


3.9410 


3.8771 


v^ = 4.36 


16 


4.0017 


4.0058 




V39 = 6.24 


2 


2.2566 


3.5178 


0.25327 


v^ = 6.24 


4 


8.7669 


11.2729 


0.67335 


\/39 = 6.24 


8 


18.594 


18.6924 


18.334 


v^ = 6.24 


16 


19.936 


19.930 




v^ = 6.24 


2 


4.0977 


6.5660 


0.29787 


V59 = 6.24 


4 


16.267 


22.9169 


0.76563 


\/59 = 6.24 


8 


44.150 


45.7167 




759 = 6.24 


16 


52.118 







Table 9: Values of the lifetime for two compact dimensions. ((iw=number of 
compact dimensions where the string lies) 
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